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Abstract 

We present a topological version of two dimensional dilaton super- 
gravity. It is obtained by gauging an extension of the super-Poincare 
algebra in two space-time dimensions. This algebra is obtained by an 
unconventional contraction of the super de Sitter algebra. Besides the 
generators of the super de Sitter algebra it has one more fermionic 
generator and two more bosonic generators one of them being a cen- 
tral charge. The gauging of this algebra is performed in the usual way. 
Unlike some proposals for a dilaton supergravity theory we obtain a 
model which is non-local in the gravitino field. 
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Two dimensional gravity theories have been studied with the pur- 
pose of gaining conceptual and technical insights in order to handle the 
more difficult problem of treating four dimensional gravity |TJ . Another 
point of interest is that effective string theories in four dimensions show 
that Einstein gravity should be corrected by coupling to a dilaton field 
@. In particular the process of black-hole evaporation [[| should then 
be studied in this new framework [||. In this case the problem can be 
reduced to a two-dimensional dilaton gravity model coupled to topo- 
logical matter. When we consider only the graviton and the dilaton 
fields the resulting theory is a topological gravity theory p. 

The introduction of supersymmetry in dilaton gravity theories was 
made in a non topological way. It was motivated in order to have a 
positive energy theorem for the two dimensional case and also for the 
study of two-dimensional black holes 0. On the other hand topological 
supergravity theories have been obtained. The construction of N — 1 
|| and N = 2 [[J topological supergravities have been made by gauging 
the groups OSp{2 | 1) and OSp(2 | 2), respectively. By a contraction 
of the gauge group the corresponding super-Poincare theories are then 
obtained. 

As stated above the dilaton gravity theory can have a gauge formu- 
lation leading to a topological theory When the gauge algebra is 
the Poincare algebra the fields have unusual transformation properties 



under Poincare gauge transformations flT0|. This can be overcome if 



we take a central extension of Poincare algebra as the gauge algebra 



TT| . This central extension consists in changing the usual commutator 
of the translation generators of the Poincare algebra to [P a , Pf,} = e a t,Z 
where Z belongs to the center of the algebra. This new algebra can 
be obtained by an unconventional contraction of the de Sitter algebra 
SO(2, 1) where the Lorentz generator J is replaced by J + Z/X, where 
A is the cosmological constant, and the limit A — > is taken [|Tl|j . 

In this paper we generalize this unconventional contraction to the 
super de Sitter OSp{2 | 1) algebra to obtain the supersymmetric ver- 
sion of the central extension of the Poincare algebra. We will show 
that besides the supersymmetry generator Q a it is necessary another 
fermionic generator U a which does not generate any supersymmetry. 
It is also necessary the introduction of a scalar generator K besides the 
central charge of the non supersymmetric case. We find the quadratic 
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Casimir operator starting from that of the SO (2, 1) algebra showing the 
existence of a non-degenerated metric. We then gauge this new algebra 
and build up the corresponding topological supergravity theory. 
In two dimensions the commutation relations 

[Pa, Pb] = Ae a &J 
[J,P a ] = e a b P b (1) 

define the SO(2, 1) and SO(l, 2) algebras for A > and A < respec- 
tively. This is independent of the conventions for the flat Minkowski 
metric h ab and the antisymmetric tensor e a b. For definiteness (which 
is needed in the supersymmetric case) we will adopt the conventions 
h a b = diag(—l, +1) and e 01 = 1. The supersymmetric extension of the 
algebra ([I]) with A > and with N — 1 supersymmetry is || 

[P a , Pb] = Ae a f, J 
[J,P a ] = e a b P b 

[J,Qa] = -~(72<2)a 

[Pa,Qa] = l^(laQ)a 
{Qa,Qp} = {l a C) a pP a -\^{ l2 C)^J (2) 

This is the algebra OSp(2 | 1) written in a Lorentz covariant form. 
The conventions for the Dirac matrices are the following 7 = ia 2 , 7 1 = 
01)72 — °3 an d C = io 2 where o\ are the Pauli matrices. For A < 
the chiral components of Q a acquire different signs in the commutator 
with P a and J and they give rise to the algebra OSp(l \ 2). 
The quadratic Casimir operator of the algebra (0) is 

C = P 2 + XJ 2 + ^Q a C a/3 Q p (3) 

which gives rise to the following non-degenerated metric on the algebra 
< P a , P b >= h a b, < J, J >= A and < Q a , Qp >= \\*C a p. 

We will now perform in a systematic way the unconventional con- 
traction [TT| which leads to the central extension of the algebra ([I]) in 



order to extended it to the supersymmetric case later on. Due to the 
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well known ambiguity of the angular momentum in two dimensions we 
first introduce a new generator Z through the replacement 

J -> J + Z/X (4) 

To get all commutation relations involving this new generator Z we will 
perform the replacement (Q) in ([]]) and equate the terms with the same 
power of A which become singular when we take the limit A — > 0. From 
the commutation relation [J, P a ] we find [J, P a ] = e a b Pb and [Z, P a ] = 
and from the commutation relation [P a , P&] we find [P a , Pb] = e a bZ. 
Taking into account the ambiguity in the angular momentum we impose 
that the old commutation relation [J, J] = should be replaced by 
[J, J + Z/X] = and we find that [J, J] = [J,Z] = 0. We then conclude 
that Z belongs to the center of the algebra and we get the central 
extension of the Poincare algebra [11| 

[Pa, Pb] = tabZ 

[J, P a ] = e a b P b 

[P a ,Z] = [J,Z} = (5) 

We will now apply the same procedure to the supersymmetric case 
(0). In the anticommutation relation {Q a , Qp} there will appear a term 
proportional to X~^Z on the right hand side of it. This means that 
a replacement of Q a involving powers of A~2 is needed which implies 
the introduction of a new fermionic generator. Since powers of A~2 
will appear in the commutators they must also be allowed in which 
means the introduction of a new bosonic generator. So we start with 
the following replacements 

J -> J + X^Z + X-^K 
Q a -> Q a + X^U a (6) 

where K is the new bosonic generator and U a is the new fermionic 
generator. The replacements (]|) just reflect the ambiguity of the an- 
gular momentum extended to the supersymmetry generators. It is not 
difficult to find out the non- vanishing commutation relations according 
to the rules stated above. 

[Pa, Pb] = tabZ 
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— c b P 


\Pai Qa\ 


i, rrt 

= ^laU) a 


[J,Qa] 


= ~^(72<5)a 


[J,u a ] 


= -\w) a 


[K, Qa] 


= -\{T*V) a 


{Qa, Qp] 


= ( 7 a C)^P a - 


{Q a ,u p } 





;C) a pK 

(7) 

We can check that all the Jacobi identities are satisfied. Then the 
generator U a transform as a spinor under a Lorentz transformation 
but does not generate any supersymmetry since its anticommutator 
vanishes. K behaves like a momentum generator in a third direction 
regarding the fermionic sector, while in the bosonic sector it behaves 
like a central charge. Z remains a central charge. We can set Z = K = 
U a = consistently and we then obtain the N = 1 super-Poincare 
algebra. Therefore the algebra (^) is a non-trivial extension of the 
super-Poincare algebra. 

We can find the quadratic Casimir operator by making the replace- 
ment ([]) in (|^). We find besides the regular term given below terms 
proportional to A -1 and A~2. These terms are also invariants of the 
algebra but they give rise to a degenerated metric on the algebra. The 
regular term gives the quadratic Casimir operator 

C = P 2 + K 2 + JZ + ZJ + ho aP {Q a Up + U p Q a ) (8) 

from which we can read off the metric < P a , Ph >= h a b, < J, Z >= 1, 
< K, K >= 1, < Q a , Up >= \C a p which is non-degenerated. 

The topological gauge theory associated to this algebra follows in 
the usual way |12 |. The one- form gauge potential A has the following 
expansion in terms of the generators of the algebra 

A = e a P a + wJ + vK + ip a Q a + i a U a + AZ (9) 

The two-form field strength F = dA + A 2 can be used to write the 
action S = J Tr(rjF) where rj is in the coadjoint representation. We 
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then get 



S = J[r ]a F a (P)+r ] F(J)+r ] 'F(K) + 




+ rf'F(Z) + XaF (Q) + xj (U)} 


(10) 


where the field strengths are 




F a (P)= de a + we b e b a - -ijyfij) 


(11) 


F(J) = dw 


(12) 


F{K) = dv + -ip^ip 


(13) 


F(Z) = dA + h a e b e ab + ^ 


(14) 


F a (Q) = Dip a = dip a - -w{ipj 2 ) a 


(15) 


F a (U) = DC + V(V>7a) Q - ^(^72) a 


(16) 



The field equations obtained from the variation of rj are then F = 
and those obtained from the variation of the gauge fields are 

Dr] a + e ab e b V " - ^7aX' = (17) 

dr) + e a e a \ + ]^ l2 x + ^X = (18) 

dv' + ^l2X =0 (19) 

dr]" = (20) 

DX + VaJ^ - V'l2^ ~ V"l2t ~ iflaX' + \vi2X' = (21) 

D X ' - V"l2^ = (22) 
Equation (p]) allows us to solve for the spin connection 

w = -{deteY 1 e a ^ v {d^ h v h oh - ^7<A) (23) 
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Then equation (O) implies that R = 0, where R is curvature scalar, 



while ( 13 ) implies the vanishing of the gravitino field strength. From 
( |20| ) we obtain n" = A = constant which plays the role of the cosmolog- 
ical constant as in the bosonic case |T]J. The remaining fields may have 



a geometric interpretation when coupled to matter (like in the bosonic 
case [0). In order to get the corresponding supergravity theory we 
solve the equations for v, n a , n' and £ obtaining 

v = if^ 

i i 

Va = -e^e^d^n + -ip^zX + ^li)d) 
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t = ^ e VTaT2+g^(xY)^ (24) 
We then find that the action fllPf) reduces to 

5 = | [r)dw + Xa D1> a + \ri"e a e b e ab - \e a ^ aX ' + \n"xx^} (25) 

The supersymmetry transformations can be obtained from the trans- 
formations generated by Q and using the solutions (pl|) . The resulting 
supersymmetry transformations which leave the action (|25|) invariant 
are 

Se a = eftj), 5n = ~ey 2 x 

5ip = De, 5x = -Val a e 
5 X ' = n" l2 e (26) 



where the equation relating x' and ip (p2|) has been used. If we eliminate 
x' from the action by using the field equation (p2[) then the resulting 
action would be non local. We then have a non local version of N = 1 
topological supergravity theory. The non-locality appears only in the 
fermionic sector and it may give rise to some new class of induced 
supergravity theory. Other aspects, like the relation to matrix models 
and the presence (or absence) of black holes remains to be investigated. 
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Notice however that there exists a local version for N = 1 dilaton 
supergravity [|, 0. It is given by the action (after some field redefini- 
tions and elimination of the auxiliary fields) 

S = J[r ] dw + XaD^ a + r ] "e a e b e ab + 

+ {v") 2 {vHl2i> + -r)-h a i> la i> + ^xxe a e b e ab )] (27) 

This action is invariant under the following supersymmetry transfor- 
mations: 

Se a = e 7 >, 5r] 

S^ = De-^( V ")h a e la , 6 X 

However, as it is easily seen, the field equations do not imply the zero 
curvature condition neither the vanishing of the gravitino field strength. 
So, although it is a possible extension of the dilaton gravity theory it 
does not share the topological properties presented by (p5|). 



(28) 
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